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Some Results of The Class of Functions with
Bounded Radius Rotation
Yas¸ar Polatog˜lu, Yasemin Kahramaner and Arzu Yemis¸ci S¸en
Abstract
Let A be the family of functions f(z) = z + a2z2 + ... which are
analytic in the open unit disc D = {z : |z| < 1}, and denote by P of
functions p(z) = z + p1z + p2z
2 + ... analytic in D such that p(z) is in
P if and only if
p(z) ≺ 1 + z
1− z ⇔ p(z) =
1 + φ(z)
1− φ(z) ,
for some Schwarz function φ(z) and every z ∈ D.
Let f(z) be an element of A, and satisfies the condition
z
f ′(z)
f(z)
=
(
k
4
+
1
2
)
p1(z)−
(
k
4
− 1
2
)
p2(z)
where p1(z), p2(z) ∈ P and k ≥ 2, then f(z) is called function with
bounded radius rotation. The class of such functions is denoted by
Rk. This class is generalization of starlike functions.
The main purpose is to give some properties of the class Rk.
1 Introduction
Let Ω be the family of functions φ(z) which are analytic in D and satisfy the
conditions φ(0) = 0, |φ(z)| < 1 for all z ∈ D. If f1(z) and f2(z) are analytic
functions in D, then we say that f1(z) is subordinate to f2(z), written as
f1(z) ≺ f2(z) if there exists a Schwarz function φ ∈ Ω such that f1(z) =
f2(φ(z)), z ∈ D. We also note that if f2 univalent in D , then f1(z) ≺ f2(z)
if and only if f1(0) = f2(0), f1(D) ⊂ f2(D) implies f1(Dr) ⊂ f2(Dr), where
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Dr = {z : |z| < r, 0 < r < 1} (see [2]). Denote by P the family of functions
p(z) = 1 + p1z + p2z
2 + p3z
3 + · · · analytic in D such that p is in P if and
only if
p(z) ≺ 1 + z
1− z ⇔ p(z) =
1 + w(z)
1− w(z) , z ∈ D (1.1)
Let f(z) be an element of A. Then f(z) is called convex or starlike if it maps
D onto a convex or starlike region, respectively. Corresponding classes are
denoted by C and S∗. It is well known that C ⊂ S∗, that both are subclasses
of the univalent functions and have the following analytical representations.
f(z) ∈ C ⇐⇒ Re
(
1 + z
f ′′(z)
f ′(z)
)
> 0, z ∈ D (1.2)
and
f(z) ∈ S∗ ⇐⇒ Re
(
z
f ′(z)
f(z)
)
> 0, z ∈ D (1.3)
More on these class can be found in [2]. Let f(z) be an element of A. If
there is a function g(z) in C such that
Re
(
f ′(z)
g′(z)
)
> 0, z ∈ D (1.4)
then f(z) is called close-to-convex function in D and the class of such func-
tions is denoted by CC.
A function analytic and locally univalent in a given simply connected
domain is said to be of bounded boundary rotation if its range has bounded
boundary rotation which is defined as the total variation of the direction
angle of the tangent to the boundary curve under a complete circuit. Let Vk
denote the class of functions f(z) ∈ A which maps D conformally onto an
image domain of boundary rotation at most kpi. The class of functions of
bounded boundary rotation was introduced by Loewner [3] in 1917 and was
developed by Paatero [5, 6] who systematically developed their properties and
made an exhaustive study of the class Vk. Paatero has shown that f(z) ∈ Vk
if and only if
f ′(z) = Exp
[
−
∫
2pi
0
log
(
1− ze−it) dµ(t)
]
, (1.5)
where µ(t) is real-valued function of bounded variation for which
∫
2pi
0
dµ(t) = 2 and
∫
2pi
0
|dµ(t)| ≤ k (1.6)
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for fixed k ≥ 2 it can also be expressed as∫
2pi
0
∣∣∣∣Re(zf
′(z))′
f ′(z)
∣∣∣∣ dθ ≤ 2kpi, z = reiθ. (1.7)
Clearly, if k1 < k2 then Vk1 ⊂ Vk2 that is the class Vk obviously expands on k
increases. V2 is the class of C of convex univalent functions. Paatero showed
that V4 ⊂ S, where S is the class of normalized univalent functions. Later
Pinchuk proved that Vk are close-to convex functions in D if 2 ≤ k ≤ 4 [7].
Let Rk denote the class of analytic functions f of the form f(z) = z +
a2z
2 + a3z
3 + ... having the representation
f(z) = zExp
[
−
∫
2pi
0
log
(
1− ze−it) dµ(t)
]
, (1.8)
where µ(t) is given in (1.6). We note that the class Rk was introduced
by Pinchuk and Pinchuk showed that Alexander type relation between the
classes Vk and Rk exists,
f ∈ Vk ⇔ zf ′(z) ∈ Rk (1.9)
Rk consists of those function f(z) which satisfy∫
2pi
0
∣∣∣∣Re(reiθ f
′(reiθ)
f(reiθ)
)
∣∣∣∣ dθ ≤ kpi, z = reiθ. (1.10)
Geometrically, the condition is that the total variation of angle between
radius vector f(reiθ) makes with positive real axis is bounded kpi. Thus, Rk
is the class of functions of bounded radius rotation bounded by kpi, therefore
Rk generalizes the starlike functions.
Pk denote the class of functions p(0) = 1 analytic in D and having repre-
sentation
p(z) =
∫
2pi
0
1 + ze−it
1− ze−itdµ(t) (1.11)
where µ(t) is given in (1.6). Clearly, P2 = P where P is the class of analytic
functions with positive real part. For more details see [7]. From (1.11), one
can easily find that p(z) ∈ Pk can also written by
p(z) =
(
k
4
+
1
2
)
p1(z)−
(
k
4
− 1
2
)
p2(z), z ∈ D (1.12)
where p1(z), p2(z) ∈ P. Pinchuk [7] has shown that the classes Vk and Rk
can be defined by using the class Pk as gives below
f ∈ Vk ⇔ (zf
′(z))′
f ′(z)
∈ Pk (1.13)
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and
f ∈ Rk ⇔ zf
′(z)
f(z)
∈ Pk (1.14)
At the same time, we note that Vk generalizes of convex functions.
2 Main Results
Lemma 2.1. Let p(z) be an element of Pk, then∣∣∣∣p(z)− 1 + r
2
1− r2
∣∣∣∣ ≤ kr1− r2 (2.1)
Proof. Let f(z) be an element of h(z) ∈ Vk. Using (1.13), we can write
p(z) = 1 +
f ′′(z)
f ′(z)
, p(z) ∈ Pk (2.2)
On the other hand M.S. Robertson [8] proved that if f(z) ∈ Vk, then∣∣∣∣zf
′′(z)
f ′(z)
− 2r
2
1− r2
∣∣∣∣ ≤ kr1− r2 (2.3)
Therefore the relation can be written in the following form,∣∣∣∣(1 + zf
′′(z)
f ′(z)
)− 1 + r
2
1− r2
∣∣∣∣ ≤ kr1− r2 (2.4)
Using the definition of the class Vk, we obtain (2.1).
Theorem 2.2. Let f(z) be an element of Rk, then
r
(1− r) 2−k2 (1 + r) 2+k2
≤ |f(z)| ≤ r
(1− r) 2+k2 (1 + r) 2−k2
(2.5)
1− kr + r2
(1− r)2− k2 (1 + r)2+ k2
≤ |f ′(z)| ≤ 1 + kr + r
2
(1− r)2+ k2 (1 + r)2− k2
(2.6)
Proof. Using the definition of Rk, then we can write∣∣∣∣zf
′(z)
f(z)
− 1 + r
2
1− r2
∣∣∣∣ ≤ kr1− r2 (2.7)
This inequality can be written in the following form,
1− kr + r2
1− r2 ≤ Rez
f ′(z)
f(z)
≤ 1 + kr + r
2
1− r2 (2.8)
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On the other hand, we have
Rez
f ′(z)
f(z)
= r.
∂
∂r
log|f(z)| (2.9)
Thus we have
1− kr + r2
r(1− r2) ≤
∂
∂r
log|f(z)| ≤ 1 + kr + r
2
r(1− r2) (2.10)
Integrating both sides (2.10), we get (2.5). The inequality (2.7) can be writ-
ten in the form
1− kr + r2
1− r2 ≤
∣∣∣∣zf
′(z)
f(z)
∣∣∣∣ ≤ 1 + kr + r
2
1− r2 (2.11)
In this step, if we use (2.5), we obtain (2.6).
Corollary 2.3. For k = 2 in (2.5), we obtain
r
(1 + r)2
≤ |f(z)| ≤ r
(1− r)2
This is well known growth theorem for starlike functions [2].
Corollary 2.4. For k = 2 in (2.6), we obtain
1− r
(1 + r)3
≤ |f ′(z)| ≤ 1 + r
(1− r)3
This is well known distortion theorem for starlike functions [2].
Corollary 2.5. The radius of starlikeness of Rk is
RS∗ =
k −√k2 − 4
2
, k ≥ 2 (2.12)
Proof. Since
Re
(
z
f ′(z)
f(z)
)
>
1− kr + r2
1− r2
Hence forR < RS∗ the left hand side of the preceding inequality is positive
which implies (2.12). We note that all results are sharp because of extremal
function is
f∗(z) =
z(1 − z) k2−1
(1 + z)
k
2
+1
5
Indeed,
z
f ′
∗
(z)
f∗(z)
=
1− kz + z2
1− z2 =
(
k
4
+
1
2
)
1 + z
1− z −
(
k
4
− 1
2
)
1− z
1 + z
Thus, f∗(z) ∈ Rk and f∗(z) is extremal function.
Lemma 2.6. Let p(z) = 1 + p1z + p2z
2 + ... be an element of Pk, then
|pn| ≤ k
Proof. Method I. Since p(z) ∈ Pk, then we have
p(z) =
(
k
4
+
1
2
)
p1(z)−
(
k
4
− 1
2
)
p2(z)
=
(
k
4
+
1
2
)
(1 + a1z + a2z
2 + ...)−
(
k
4
− 1
2
)
(1 + b1z + b2z
2 + ...)
Then we have
pn =
(
k
4
+
1
2
)
an −
(
k
4
− 1
2
)
bn
Thus
|pn| =
∣∣∣∣
(
k
4
+
1
2
)
an −
(
k
4
− 1
2
)
bn
∣∣∣∣
≤
(
k
4
+
1
2
)
|an|+
(
k
4
− 1
2
)
|bn|
≤
(
k
4
+
1
2
)
2 +
(
k
4
− 1
2
)
2
This shows that,
|pn| ≤ k
Method II. Since p(z) ∈ Pk, then p(z) can be written in the form
p(z) =
1
2pi
∫
2pi
0
1 + ze−it
1− ze−itdµ(t)
and ∫
2pi
0
dµ(t) = 2pi and
∫
2pi
0
|dµ(t)| ≤ kpi.
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Then
p(z) = 1 + p1z + p2z
2 + ... =
1
2pi
∫
2pi
0
1 + ze−it
1− ze−itdµ(t)
=
1
2pi
∫
2pi
0
1 + ze−it − ze−it + ze−it
1− ze−it dµ(t)
=
1
2pi
∫
2pi
0
(
1− 2ze
−it
1− ze−it
)
dµ(t)
|pn| ≤ 1
pi
∫
2pi
0
|dµ(t)| ≤ k
is obtained.
We note that this lemma was proved first by K.I. Noor [4] (Method II).
Theorem 2.7. Let f(z) be an element of Rk, then
|an| ≤ 1
(n− 1)!
n−2∏
ν=0
(k + ν) (2.13)
Proof. Since f(z) ∈ Rk, then we have
z
f ′(z)
f(z)
= p(z)
where p(z) ∈ Pk. Thus
zf ′(z) = f(z)p(z)
Comparing the coefficients in both sides of zf ′(z) = f(z)p(z), we obtain the
recursion formula
an =
1
n− 1
n−1∑
ν=1
pn−νaν , n ≥ 2
and therefore by Lemma 2.6,
|an| = k
n− 1
n−1∑
ν=1
|aν |
Induction shows that
|an| ≤ 1
(n− 1)!
n−2∏
ν=0
(k + ν).
7
Corollary 2.8. For k = 2, we obtain |an| ≤ n. This inequality is well known
coefficient inequality for starlike functions.
Indeed,
|an| ≤ 1
(n− 1)!
n−2∏
ν=0
(k + ν) =
k(k + 1)(k + 2)...(k + (n− 2))
(n− 1)! .
If we take k = 2,
|an| ≤ 2.3.4...(n− 2).(n− 1).n
(n− 1)! = n
Corollary 2.9. Let f(z) be an element of Vk, then
|an| ≤ 1
n!
n−2∏
ν=0
(k + ν) (2.14)
Proof. Using the theorem of Pinchuk
f(z) ∈ Vk ⇔ zf ′(z) ∈ Rk
we get (2.14).
Corollary 2.10. For k = 2, we obtain |an| ≤ 1. This inequality is well
known coefficient inequality for convex functions.
We note that all these inequalities are sharp because extremal function
is,
f∗(z) =
z(1− z) k2−1
(1 + z)
k
2
+1
.
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